The Dynamics of Flow Forced Distributed

Parameter Heat Exchangers

The purpose of this investigation was to study the dy-
namics of concentric double pipe heat exchangers sub-
jected to flow rate perturbations, with primary emphasis
being given to countercurrent heat exchange. The ap-
proach presented in this paper utilizes frequency response
analysis to test the hypothesis that a heat exchanger can
be treated as a linear system when subjected to flow dis-
turbances. The heat exchange results obtained in this in-
vestigation are representative of a wide range of distrib-
uted parameter processes and form the basis for study of
the more complicated processes.

Previous work done on flow rate upsets in double pipe
concentric tube heat exchangers is limited. Mozley (5)
presented one of the first lumped parameter representations
of double pipe heat exchangers to appear in the literature
but did not give experimental verification for flow rate up-
sets. Hempel (3) derived transfer function models of a
steam-water heat exchange system for flow upsets as well
as temperature upsets and included the effects of wall ca-
pacitance and heat transfer coefficient variation. Compari-
son of experimental and theoretical frequency response re-
sults was good, and resonance was predicted. Stermole and
Larson (7) presented both lumped and distributed param-
eter models for steam-water exchangers and obtained good
agreement between experimental and theoretical frequency
response results when wall capacitance and heat transfer
coefficient variation were neglected. Koppel (4) obtained
a mode!l for the flow upset dynamics of a steam-water
heat exchanger by applying the method of characteristic
equations to a partial differential equation representation
of the system. Edwards™ dissertation (1) contains a treat-
ment of the derivation of flow forced transfer functions in
compact matrix notation for digital computer analysis of a
countercurrent heat exchanger. Comparison of theoretical
and experimental results was good, but the effect of reson-
ance was not observed experimentally nor predicted theo-
retically.

MATHEMATICAL DEVELOPMENT

A mathematical description of a distributed parameter
double pipe heat exchanger with fluid flowing in both the
shell and tube may be obtained from heat balances over
both fluid phases and the metal wall. The resulting equa-
tions for countercurrent heat exchange are

98 30s hs Ps
eV = (o) (1)
ot ox ps As Cps
ot 00 he Py
Vi e (Bu— b)) (2)
ot ox pt At Cpt
06w hs Ps 0 B) -+ P 6 p 3
ot N prprw ) * ps As Cps ! w> ( )

These equations are based on the usual assumptions (7).
The direction of flow of tube fluid has been taken in
the same direction as the coordinate system. These equa-
tions are identical to those that describe a concurrent flow
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heat exchanger except for the negative sign on the term
involving Vs in Equation (1). This makes application of
the boundary conditions more complicated for counter-
current than for concurrent flow.

Starting with Equations (1), (2), and (3) several
mathematical models have been developed to relate output
tube fluid temperature to shell and tube flow rate upsets.
Development of these models was directed toward study-
ing the effects of tube wall capacitance, heat transfer co-
efficient variation, and lumped parameter representation
of the distributed parameter system in an eﬁIc))rt to satis-
factorily represent the flow forced heat exchange system
with the simplest model possible. Both transient and fre-
quency response to flow rate upsets were used to test the
models against experimental data.

The derivation is presented for upsets in either the shell
or tube flow rate in a form that permits obtaining transfer
functions for either V: or Vs forcing 8¢. The transfer func-
tions presented in this paper are approximate models ob-
tained by neglecting appropriate temperature forcing
terms that increase the complexity of a theoretical descrip-
tion of the system but contribute little to its accuracy.

For flow rate disturbances Equation (1), (2), and (3)
are linear but must be reduced to constant coefficient
equations to permit application of standard Laplace trans-
formation techniques to obtain desired transfer functions
with the technique presented in previous papers (3, 6, 7).
This is accomplished by letting 6¢, s, and 6w and the co-
efficients Vi, Vs, Bt, Bs, Bs, and Ba be expressed as the sum
of a steady state value and a perturbation from steady
state.

Substitution into Equations (1), (2), and (3) and
dropping the terms involving the product of two perturba-
tions one gets the equations in terms of steady state and
dynamic quantities. Subtraction of the steady state equa-
tions from the total equations yields dynamic equations.
The resulting equations are linear and have constant co-
efficients with respect to time on all forcing and dependent
variables. Laplace transformation of these equations with
respect to time and combination of the resulting equations
to eliminate wall temperature yields

des — » _

—— —a1fs = @1Vt + hVie™® — f18; (4)

dx

- . _

—— + a2ft = gaV¢ + haVie™® -+ fabs (5)
x

Equations (4) and (5) may be solved for transfer func-
tions involving tube temperature forced by either shell or
tube flow rate upsets with the countercurrent boundary con-
ditions s = 0 at x = L and 6: = 0 at x = 0 since the
input shell and tube temperatures are constant. However
the resulting transfer functions are extremely long and
complex and of questionable practical value. In an effort
to obtain the transfer function #:/V: in a more useable
form the significance of each term in Equation (5) was
investigated. Temperature of the tube fluid is being forced
by the change in flow rate of the tube fluid and by the
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temperature change of shell fluid. Comparison of the mag-
nitude of these forcing terms with experimental data shows
that for equal mass flow rates in the shell and tube the
temperature forcing term is about 7% as large as the flow
forcing terms. For mass flow rates in the shell greater than
in the tube the effect of shell temperature change is pro-
portionately less until at infinite shell flow rates the shell
temperature remains constant and contributes nothing to
the dynamics of flow upsets. The infinite shell flow rate
case is analogous to a steam jacketed heat exchanger in
that shell temperature remains constant. For all these
cases when tube flow upsets occur the change in residence
time of the tube fluid and heat transfer coeflicient varia-
tion are more important considerations than changes in
shell temperature. This is expected if one considers the
source of the shell temperature forcing term in Equation
(5). An upset in V¢ causes a change in ¢ and the heat
transfer coefficient which causes 6 to change. The change
in @s reflects back to the tube causing another correction in
¢ which is always small compared with the original tem-
perature change. Neglecting the temperature forcing term
involving 8s in Equation (5) one obtains the following
transfer function:

g h
M (it ey + £ (e
Vi m1 + a2 az

Model 1

The g2 is directly dependent upon heat transfer coefficient
variation. With reference to the defining equation for gz,
if the tube side heat transfer film coefficient is considered
constant, k: = 0 and therefore go = 0. he does not go to
zero if the heat transfer coefficient is considered constant;
therefore for constant heat transfer coefficients

fer. ho

_ G Model 11
Ve ms + az

(emlL —_ e—aZL)

Similar models can be obtained for shell flow upsets by
neglecting the temperature forcing term involving 8¢ in
Equation (4).

If the tube wall capacitance is considered to be negligi-
ble, the left side of Equation (8) is equal to zero. Combin-
ing Equations (1), (2), and (3) to eliminate the tube
wall temperature one obtains the following two partial
differential equations with an overall heat transfer coefli-
cient:

9 v, 3 g, (8 — 65) (6)
ot ox

a0t o0t

7 Vt;;— =Kt (Hs - 0t) (7)

Transfer functions for #:/V: and 6:/Vs can be derived
from Equations (6) and (7) by utilizing the same pro-
cedure used to develop Model I. These same transfer func-
tions can also be used to represent shell temperature forced
by upsets in either flow rate by properly changing the sub-
script nomenclature, that is by interchanging shell and
tube parameters and variables in the equations. The overall
heat transfer coefficient is considered to vary directly with
upsets in either fluid flow rate. The temperature and flow
rate variables are expressed as the sum of steady state and
perturbation values and are substituted into Equations
(4) and (5). Dropping the products of perturbations, sub-
tracting the steady state equations, and transforming one
gets the following equations:

) _ Ksi — =
Do = — 2 G Ny T,
dx Vi
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Tube Flow Upset
When one neglects the temperature forcing term in-

volving 0s in Equation (9), the following transfer function
is obtained for tube flow rate forcing tube temperature
with a constant shell flow rate:

6 N:+ R
2 (N2 + Rz) (emal — gmosl) Q (1 — e—eal)
Vi me + a2 a2

Model III
For a constant overall heat transfer coeflicient Re and Q2

are zero because k; = 0. Therefore the model that results
when a constant overall heat transfer coefficient is as-

~sumed is as follows:

fir Nz

— (emzL — e-a2L)
Vi me + a2

Model IV

For equal mass flow rates in the shell and tube mz = 0,
and Model IV reduces to

0 —N
—.ti: 2 (1 — e~ a2l) (10)
Vi a

For infinite shell flow rate (constant shell temperature)
me = — K/ Vi since Ksi/Vsi = 0. Therefore for an infinite
shell flow rate Model IV reduces to the same transfer func-
tion that is obtained for a steam-water heat exchanger
forced by flow rate upsets as presented by Stermole and
Larson (7):

— No V. Ksip 92
;_e__ti:__z._ﬂe Vii l]—e Vi )
Ve s

Models III and IV can be made applicable to concurrent
heat exchange by changing the sign of Vs, which appears
only in mz. This yields a different limiting model for equal
mass flow rates than the countercurrent model because mz
does not go to zero. It should be noted that these models
for tube flow upsets are identical for concurrent and
countercurrent heat exchange except for the sign of Vs
because a boundary condition on shell fluid was not used
in their derivation. The transfer functions for shell flow
upsets forcing tube temperatures are not interchangeable in
this simple manner for concurrent and countercurrent ex-
changers because boundary conditions on both fluids are
needed for this derivation, and therefore each model is
different.

In summary, Models III and IV are applicable to
countercurrent, concurrent, and constant shell temperature
heat exchange when the correct value of me is used for
each case. Other parameters are the same for all cases. The
differences in m2 are summarized as follows:

. Ksi Kti
Countercurrent, unequal mass flow rates, mz = —_—
Vsi Vi
Countercurrent, equal mass flow rates, mg = 0
Ksi K
Concurrent, unequal mass flow rates, mg = — — — ——
Vsi Vti
2K
Concurrent equal mass flow rates, me = — Vi
t
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Constant shell temperature
Ky

(infinite shell flow), ma = —
Vi

Shell Flow Upset

A transfer function for shell flow upsets forcing tube
temperature can be obtained by neglecting the tempera-

ture forcing term involving @: in Equation (8) and com-
bining Equations (8) and (9) with the boundary condi-
tions previously given. However a series approximation
solution can be employed to obtain both 6:/Vs and 6:/ V.
This method was used by Gilliland, Gould, and Rinard
(10) for temperature upsets in a double pipe heat ex-
changer. It shows that keeping only the first term in the

series representation of either §:/V: or 6:/Vs neglects the
temperature forcing term in the equation for the fluid that is
upset, and that in fact the same transfer functions result
that are obtained by neglecting these temperature terms in
Equation (8) and (9) and by using the derivation previ-
ously described. Note that while the approximation that
results in Model IV is due to neglecting the 05 tempera-
ture forcing term in Equation (9), the approximation that

yields the 6:/V transfer function is due to neglecting the,

6t temperature forcing term in Equation (8).

For a constant overall heat transfer coefficient Equations
(8) and (9) are integrated individually with the boundary
conditions 6 = 0 and fsz. = 0. Following the general
procedure previously presented (10) the resulting equa-
tions are combined to eliminate @s. This yields

5 Kti Ksi x Cay + @) L —
¢ = e~ %t elaptag)zy e~ %%t B dx1 | dxe
Vi Vsi o zg

K B & L —
+ -VT—NI e”%® ) etertopn e eV dxy | dxe
i 2

ti o X

— N2 e~ %® fo e‘ma— e Vy diy (12)
Define the integral operator I (6t) as
— Kti Ksi R L —
= e ) e(a1+°‘2)12[ f e %1%0: dx1 ] dxz
3

I(6:) =
(6) Vi Vsi
Let the function f (%, s) be

K:i Ny @
f (XI S) = v e—agt elaytagizy

ti °
L _ x
[ fx ema— eI Vy dxy ]dxz — Nz e~ae® fo elmytagde Vydy
Equation (12) may now be written as
Ge=1(6) + f(x,s)

f(x, )
1—-1
Equation (7) may be expanded in a series to give

Solving for 6: one gets §: = . The right side of

% — i I* {f(x, 5)}

where I"* means that the operation I is applied n times.
For n = 0 it is easily seen that 8: = f(x, s), and there-

fore the double integral of #: is neglected in the one-term
approximation. Going back to the origin of Equation (12),
it may be seen that this double integral term represents

the change in 8: caused by the interaction between 8¢ and
s when an upset occurs. This is the effect that is neglected
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in the one-term approximation of §¢/V: which yields Model
IV. Consideration of higher-order terms in the series will
account for the effect of higher-order temperature reflec-
tions between the shell and tube.

For an upset in Vs a change in #s results which causes a
corresponding change in §¢. This change in 6: reflects back
to the shell causing further change in 85 which then causes
more change in #:. It is this latter temperature reflection
that is neglected in the first-term approximation of 6:/Vs
which is as follows:

D . L
b _ Ke Ny om2 (1 — e~ (e tapl)
Vs Vi (me — a1) (a1 + a2)

Ku N

(emal — e—a2l)  Model V

 Va (me — a1) (m2 + a2)

To use the partial differential equation transfer function
Models I through V to predict transient response, it is nec-
essary to invert the equations to real time and solve for
6:. by substituting different values of time into the equa-
tion. However it is known that the final temperature pre-
dicted is very strongly dependent upon heat transfer co-
efficient variation with flow changes, so only Models I and
III which account for the effect of heat transfer coefficient
variation can be expected to predict accurate transient re-
sponse curves. These models predict good transient re-
sponse results for small flow upsets but give poor results
for large flow upsets. This is due to the dropping of terms
involving products of perturbations when Equations (6)
and (7) are reduced to constant coefficient equations.

EXPERIMENTAL INVESTIGATION

A double pipe heat exchanger was constructed that could be
operated as a concurrent, countercurrent, or steam-water heat
exchange system with only minor changes in the piping system.
A flow sheet of the countercurrent system used in this investi-
gation is shown in Figure 1. The heat exchanger was con-
structed with a 1 in. nominal type K copper tube concentrically
mounted inside a 2 in. nominal schedule 40 iron pipe shell. The
exchanger was 14.7 ft. long from the center line of the shell
input to center line of the shell output. The shell was insulated
with 34-in. Fiberglass pipe insulation. Hot water flowed through
the tube from the constant head tank and was cooled by
countercurrent cold water flowing in the shell. Steam injected
into water flowing into the constant head tank produced the
hot water. The heated water was discharged into an elevated
55 gal. holdup tank at a flow rate great enough to always main-
tain an overflow. This provided a constant temperature and
constant pressure hot water source.

A series thermocouple with seven probes constructed of 24
gauge copper-constantan wire was placed in the outlet tube
stream to provide a continuous temperature signal to d.c. ampli-
fier-recorder equipment. The time constant of the thermopile

Constant
head tonk

e 2-Chonnel
A Ovearflow DC. rush

drain amplifier recorder

Thermopile
hot j i

Steam

ol Heat exchanger
‘sn']:‘t::%r _________ Thermopile
mjector | by T = 7T cold junction
Linear lever
Water control vaive

Linear.
potentiometer

Drain

Fig. 1. Flow diagram of countercurrent heat exchange system.
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Fig. 2. Experimental frequency response for
tests 1 and 2, and theoretical frequency re-
sponse obtained with Model 1V.

was about one-tenth of a second. The thermopile was mounted
in a long probe so that it could be inserted into the end of the
heat exchanger such that measurement of the temperature of
tube fluid at the center line of entering shell fluid could be
effected. This eliminated temperature measurement transport
lag. Continuous recording of changes in flow rate was made
possible by a linear sliding arm potentiometer in series with a
1%-v. d.c. battery. The sliding arm of the potentiometer was
spring loaded against the lever of the flow control valve and
thus continuously converted the valve position into an electrical
signal which was recorded on one channel of a two channel
stripchart recorder. Temperature response from the thermopile
signal was recorded on the second recorder channel after the
thermopile signal had been amplified by a high gain d.c. ampli-
fier. This side by side recording of the input flow forcing signal
and the output temperature response signal made it very con-
venient to obtain magnitude ratio and phase lag information
from frequency response data.

Six tests were made at various flow conditions. Each test
consisted of taking both transient and frequency response data
over the same flow range. Resonance was observed for each of
the six frequéncy response tests and was found to be a func-
tion only of heat exchanger length (L), upset frequency of
either fluid (w), and velocity of the fluid (V) whose tem-
perature was being measured (not necessarily the fluid being
upset). For all tests resonance occurred when Lo/V = 2n,
where the resonance frequency is defined as the frequency at

TABLE 1. SAMPLE STEADY STATE DATA FOR THE MAXIMUM
AND MiNnmmuM Frow RATES oF Two COUNTERCURRENT
EXPERIMENTAL FREQUENCY AND TRANSIENT RESPONSE TESTS

U
[B.t.u./
0s0i 6s1i 6t0i 6:;  (min.)
Ib./min. (°F.) (°F.) (°F.) (°F.)(sq.ft./°F.)]
Test 1
(tube flow
upset)
Wmax 350 66.2 59.0 153.5 110.0 5.85
‘Wmin 21.5 642 59.0 153.5 102.5 446
Wshell 210
Test 5
(shell flow
upset)
Wmax 66.0 750 59.0 1640 1255 344
Wmin 27.0 857 590 1640 136.0 242
Wtube 26.0
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Fig. 3. Experimental frequency response for
tests 3 and 4, and theoretical frequency re-
sponse obtained with Model IV.

which the amplitude ratio ceases to attenuate and starts to get
larger. Tests 1 and 2 with unequal mass flow rates in the shell
and tube were made to see if any difference could be observed
between frequency response results for large and small tube
flow changes about the same mean flow rate. Tests 1 and 2
had respective tube flow upsets of 48 and 21% of a 28.2 1b./
min, mean flow rate. Tests 3 and 4 had respective tube flow
upsets of 65 and 26% of a 23.0 Ib./min. mean tube flow rate.
Shell flow rate was equal to 210 Ib./min. for Tests 1 and 2 but
was equal to mean tube flow for Tests 3 and 4. The large flow
changes did not give frequency response results significantly
different from the small flow changes as may be seen in Fig-
ures 2 and 3. Transient response data were measured over the
same flow ranges for which frequency response data were taken.
Sample test conditions and steady state data are given in
Table 1.

Test 5 was conducted for shell flow upsets forcing output
tube temperature to see if shell flow upsets gave any notable
differences in the frequency and transient response curves from
the tube flow upsets of Tests 1 to 4. Frequency response data
of Test 5 are plotted in Figure 6 and are generally similar to
the tube flow upset data. For shell flow upsets the tube fluid
temperature resonance frequency was found to be a function
only of the tube flow rate, and the frequency at which reson-
ance occurs is readily predictable from Lw/V = 2x, where V
is the velocity of tube flow rate. For the conditions of Test 5
shell temperature response resonance would be at a much dif-
ferent frequency than the tube resonance because average shell
fluid velocity is only about one-half the tube fluid velocity.
This would cause shell resonance to occur at a frequency about
one-half as great as the tube resonance frequency.

DISCUSSION

The frequency response results for Test 1 through 6
show that resonance is a very dominant factor in deter-
mining the shape of frequency response curves for this
system. The term resonance is used here to mean the
change from a decreasing to an increasing amplitude ratio
with increasing upset frequency. Resonance frequency
refers to the frequency at which the amplitude ratio ceases
to attenuate and starts to get larger with increasing fre-
quency.

Resonance occurs in distributed parameter heat ex-
changers because of variation in the length of time an
element of fluid takes to pass through the shell or tube of a
heat exchanger. For two fluid flow each fluid has its own
independent resonance frequency. For illustrative pur-

Page 691



[ X-2

© Experimentol {test 1} °
—Models Tond IT
02 —

03+

ratio

[oX] o % =

Amplitude

Kex- Yo T

03— I
¢}

30

60

90

120

150

180 [~ —
20L | | | |
0203 05 10 2 3 5 0 20

Frequency, cycles/min

Phaose lag, degrees

Fig. 4. Experimental frequency response for
test 1 and theoretical frequency response
obtained with Models 1 and 1l

poses consider a tube flow upset forcing tube temperature
with a constant shell temperature. At steady state all ele-
ments of tube fluid have the same residence time in the
exchanger. When flow rate is pulsed sinusoidally at low
frequencies, some elements of fluid enter the exchanger at
maximum flow rate and require less time to pass through
the exchanger than those that enter at minimum flow rate.
Thus some elements of fluid are heated more than others,
and a periodic temperature response curve results. As up-
set frequency is increased, the response curve attenuates
because the average residence time of an element of fluid
that entered the exchanger at maximum flow rate becomes
larger and the residence time becomes smaller for the fluid
element entering at minimum flow rate. The resonance fre-
quency occurs when the upset frequency in cycles per unit
time equals the reciprocal of the residence time of an ele-
ment of fluid at the mean flow rate. At the resonance fre-
quency each element of fluid requires the same length of
time to pass through the heat exchanger, regardless of
whether it enters the exchanger at maximum, minimum, or

1.0 T T

(PR g

o3l ° Experimental (test 3)
=" ~~Model I
02 — Mode| IL

Cl—
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05— 7

.03 — B
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Fig. 5. Experimental frequency response for test
3, and theoretical frequency response obtained
with Models | and 11,
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average flow rate. Therefore for tube flow upsets forcing
tube temperature at the resonance frequency the tempera-
ture response curve would be a straight line (zero ampli-
tude ratio) if a perfect sinusoidal flow upset was being
impressed upon the system and if the variations in tem-
perature driving force and heat transfer coefficient along
the length of the heat exchanger were a negligible con-
sideration. Increasing the frequency above the resonance
frequency again causes a variation in the residence time of
fluid flowing through the tube, and consequently an in-
crease in temperature amplitude occurs. Increasing the
upset frequency further again causes attenuation.

The frequency response results for tube, shell, and si-
multaneous tube and shell flow upsets verify that reson-
ance depends upon the L/V ratio of the fluid whose tem-
perature is being measured and that resonance occurs
when Lo/V = 2x with o expressed in radians per second.
This is also predicted by any of the appropriate partial
differential equation Models I to V. Wall capacitance and
heat transfer coefficient variation do not effect the reson-
ance frequency. In each of Models I to V the transport
delay term e~%/V appears. This can be written as Cos
Lo/V — i sin Lw/V. The sine and cosine terms repeat
themselves at every multiple of 27 which is the factor
which causes resonance to be predicted when L/V = 2=
or integral multiples of 2=. The same transport term exists
in the models for steam temperature upsets previously re-
ported (7). If the temperature reflections of higher-order
terms in the series approximation solution are considered,
transport delay terms appear that would predict resonance
at a different frequency, but these terms are always small
compared with the ¢~L¢/V transport term and the latter
term dominates.

In Figures 2 and 3 it may be observed that the magni-
tude of flow rate perturbations had no significant effect on
normalized frequency response results in the range of flow
ﬁpsets studied, and that Model 1V, which was developed
from partial differential equations neglecting wall capaci-
tance and heat transfer coefficients variation, gives good
agreement with experimental data. Theoretical frequency
response results do not depend upon the upset magnitude
because normalizing the amplitude ratios eliminates the
effect of perturbation size, so the same theoretical curve
results for both Tests 1 and 2.

In Figures 4 and 5 the data of Test 1 and Test 3 were
checked with Models I and II to observe the effect of wall

10 T
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o4 02 03 OS5 10 2 3

Frequency, cycles/min

Fig. 6. Experimental frequency response for test
5, and theoretical frequency response obtained
with Model V.
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capacitance and heat transfer coefficient variation. Figure
4 shows that for Test 1 with a large shell flow identical
theoretical results are obtained with Model I which in-
cludes heat transfer film coefficient variation and with
Model II which neglects it. These theoretical results are
in turn nearly identical with the results of Model IV, This
indicates that for a nearly constant shell temperature (high
flow rate or steam in shell) heat transfer coefficient varia-
tion and wall capacitance have a negligible effect on nor-
malized frequency response results. Figure 5 shows that
for equal flow rates in the shell and tube a slight improve-
ment resulted by including the heat transfer coefficient
variation in Model I. Whether the added work of calculat-
ing the extra term in Model I is worth the slight improve-
ment in results is questionable.

Comparing the results of Figures 3 and 5 shows that
including the effect of wall capacitance softens the reson-
ance frequency dip. Neglecting the heat transfer coefficient
variation makes the dip even softer. Including the wall
capacitance also gives a slight improvement to phase lag
results.

Figure 6 shows that shell flow upset data of Test 5 are
in relatively good agreement with Model V. Phase lag
agreement is excellent over the full range of frequencies
tested. The resonance frequency dip does not go to zero
but is very small.

Transient response data for small flow upsets give fairly
good agreement with the predictions of Mode! III. Results
obtained when Model III was compared with the transient
data of Tests 1 and 3 for large flow upsets were very poor.
Final temperatures predicted were in error by 50 to 75%.
This is due to dropping the product of perturbation terms
in reducing the partial differential equations to constant
coefficient equations. For large upsets the product of per-
turbation terms may be as large as the steady state terms,
and neglecting them introduces significant error into final
temperatures predicted. Frequency response results are
not effected however because the effect of perturbation
magnitude is eliminated by normalizing the amplitude
ratio.

In summary the approximate transfer functions pre-
sented in this paper give a good representation of the dy-
namics of the system. The Models I to V predict correct
final value temperatures for small transient upsets and
give good frequency response results for both large and
small upsets. Resonance is predicted and is shown to be
a characteristic of distributed parameter systems, occurring
in each fluid at the frequency determined by the residence
time of the fluid passing through the system.
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NOTATION

A = cross-sectional area, sq. ft.

Cp = heat capacity, B.tu./(Ib.) (°F.)

ht,hs = heat transfer film coefficient, B.t.u./ (sec.) (sq. ft./
°F.

k = dim)ensionless constant relating flow changes to
heat transfer coeflicient changes

L = heat exchanger length, ft.

Ps = outside perimeter of tube, ft.

P+ = inside perimeter of tube, ft.

p = Laplace transform operator for length, ft.”!

s = Laplace transform operator for time, sec.”"

t = time, sec.

U = overall heat transfer coefficient, B.t.u./(sec.) (sq.
ft./°F.)

Vv = fluid velocity, ft./sec.

W = mass flow rate, lb./min.

x = axial distance coordinate, ft.

p = density, Ib./cu. ft.
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0 = temperature, °F.

@ = trequency, cycles/min. or rad./sec.
Subscripts

i = initial steady state value

L = at axial distance x = L

0 = at axial distance x = Q

s == refers to shell or fluid in shell

t = refers to tube or fluid in tube

w = tube wall

Superscripts
! deviation from initial steady state value

Laplace transformed variable with respect to time
Grouped Coefficients

(8 + Bsi) (s + Bsi + Bai) — BsiBsi

I

a =
Vsi(s 4+ Bsi + Bai)
(s + Bti) (s + Bsi + Bai) — BtiB4i
a _
: Vii(s + Bai -+ Bai)
hs Ps ks Vs
Bs = ———— =B\ 1 =+
ps As Cps si
he P ke Ve
Bt =_,..t_t._._=Btl<l+ tt)
pt A: Cp: Vi
he Pt ks Vs
B3 = ————=Bsi{ 1+
pw Aw pr si
hs Ps ke V¢
Bi = ————— =Bul| 1 +—
pw Aw pr Vti
(010i — Os0) em™2l — (Ot — Osi)
¢ = emel — 1
8tLi — OsLi — Gtoi + Os0i
D =
emel — 1
Bsi Bai
= Vsi (s + Bsai + Bai)
Bt Bsi
B = Va5 1 Bt Ba)
BsiBaiBaike (Otoi — Os01) €™" + OsLi — it
g = VeiViils + Bsi + Bai)(Bsi + Bai)(1 — e™b)
Buk BiiBuik: Bsi
g = buk s -+ Bsi + Bai (Bsi + Bai) (1 — e™iF)
(Broi — Bs0i) e™L + Bsri — Giri
V2
1 BsiBuiBaikt (8ti— ftoi— fsLi + Bs0:)
T VeiVii(s + Bai + Bai) (Bsi + Bai) (1 — e™¥)
h @i — Broi M1 OeLi— Ot0i — Osri + Osoi
T T et vy & (f10: — Bs0i) e™L + fs1i — Bri
UP ks Vs ke VY
Ks = — =Ksi(1+——-s g
ps As Cps Vsi Vi
K UPt K(1+ ksVs’+ ktVt’)
T mACp Vi Va
Ksi Kti
mse = o — —
Vst Vti
Bsri — Gsoi mae
wo- () (5
' emel — 1 Vsi
ftri — Broi ) ( ma )
N = ( emal — 1 Vu
0: = Ku K: C
Vii
Re = Ku ke D
T Vi
s+ Ksi
“ Vsi
s+ Ku
a2 =
Vi
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Viscosity Correlation for Light

Hydrocarbon Systems

A. L. LEE, K. E. STARLING, J. P. DOLAN, and R. T. ELLINGTON

The needs of modern fluid processing and transmission
and reservoir engineering for better information on fluid
properties are well known. The authors and their associ-
ates have engaged in a series of studies to help meet these
needs regarding data and prediction of hydrocarbon vis-
cosities. These have included obtaining data on pure mate-
rials (I, 2, 3, 4) and mixtures (5) and efforts to use de-
velopments in modern molecular theory of fluids to obtain
relationships for representing viscosity behavior (6, 7).

A semiempirical equation was quantitatively derived
which represented the data on methane, ethane, propane,
and n-butane including the continuity of states exhibited
by the data. This paper reports the results of initial efforts
to represent the viscosity behavior of binary light hydro-
carbon mixtures.

EXPERIMENTAL

All the data cited above were obtained with the same
absolute capillary tube viscometer. The data obtained with
it have proved to be internally consistent and to agree well
with those of other investigations. The instrument and its
operation have been described in detail elsewhere (5, 8);
its operating range is from ambient temprature to 400°F.
and atmospheric pressure to 8,000 Ib./sq. in. abs.

The primary data analyzed in this investigation are the
methane data of Comings et al. (9), the ethane, propane,
and n-butane data of Institute of Gas Technology (I, 2, 4),
and the methane-n-butane binary mixture data of Dolan,
Ellington, and Lee (5).

THEORY AND PREVIOUS WORK

The viscosity fields of ethane, propane, and n-butane
were determined experimentally with sufficient detail that
extensive correlative efforts were justified. The primary
objective of these efforts was to achieve predictability of
values of the same order of accuracy as the data (average
error felt to be less than 0.5%) and to achieve the con-
tinuity of states exhibited by the data for the single-phase
regions.

K. E. Starling is with Humble Qil Company, Houston, Texas. R. T.
Ellington is with Sinclair Research, Inc., Tulsa, Oklahoma.
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The modern theories of the general fluid indicate that
the coeflicient of viscosity should be expressed as the sum
of two terms (6, 7)

= pK t+ po (1)

The terms uk and pe are usually referred to as the kinetic
and intermolecular force contributions to viscosity, respec-
tively. The first term arises from consideration of the trans-
fer of momentum due to the free motion of the molecules
between collisions. This is the only type of momentum
transfer considered in simple kinetic theory, that is at low
density. The second term arises from consideration of the
transfer of momentum due to the action of intermolecular
forces. Consideration of these forces is most important at
high density.

Both the kinetic and intermolecular force contribution
to viscosity are a function of temperature T and density p.
In the dilute gas limit, where the only contribution to vis-
cosity is by the thermal motion of the molecules, px is a
function of temperature only, and p¢ vanishes. Thus the
following conditions must be satisfied:

liH; px (T, p) = po (T) (2)
hn})l’«b (T,p) =0 (3)

Accurate expressions for ux and ug for high density have
not been developed. However because px does not differ
greatly from uo even for moderate densities, it usually may
be replaced by o in Equation (1) for semiempirical analy-
sis.

Starling and Ellington (7) developed several semiem-
pirical equations, based in varying degrees on the theory of
viscosity due to Born and Green (10). The correlation
presented here is derived from their final equation. The
following expression for viscosity

Ko
g = po + K1 p*3 exp [sz ] (4)

which Starling and Ellington derived directly from the
Born and Green theory is presented here. For theoretical
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